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Abstract: In this paper, we establish the complete convergence theorem and
the Marcinkiewicz—Zymund type strong law of large numbers for sequences of
pairwise and coordinatewise negatively dependent random vectors {X,,n > 1}
taking values in Hilbert spaces.
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1 Introduction

The concept of negative dependence was introduced by Lehmann [9] and further inves-
tigated by Ebrahimi and Ghosh [6] and Block et al. [3]. A collection of random variables
{X1,...,X,} is said to be negatively dependent (ND) if for all zi,...,z, € R,

P(X1 <z1,...,Xn < xn) < P(Xl < 1‘1)P(Xn < l’n),

and
P(X1>x,...,Xp >zp) < P(Xy>x1)... P(X), > ).

A sequence of random variables {X;,i > 1} is said to be ND if for any n > 1, the collection
{X1,...,X,} is ND. A sequence of random variables {Xj;,i > 1} is said to be pairwise
negatively dependent (PND) if for all z,y € R and for all ¢ # j,

P(X; <z X; <y) < P(X; <z)P(X; <y). (L.1)

It is well known and easy to prove that {X;,i > 1} is PND if and only if for all z,y € R
and for all 7 # j,
P(X; >z, X; >y) < P(X;>z)P(X; >y).

A simple consequence of (1.1) is that if {X7,..., X, } are PND random variables with finite
variances, then for all i # j, F(X;X;) < EX;EX;, and so

Var (i Xl) < zn:Var(Xi). (1.2)
1=1 =1
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This concept was first extended to Hilbert space-valued random vectors by Burton et
al. [4]. After that, a literature of investigation concerning the limit theorems for pairwise
and coordinatewise negatively dependent vectors in Hilbert spaces has emerged, including
complete convergence (Hien et al. [8]) and weak laws of large numbers (Anh and Hien [1],
Dung et al. [5], Hien and Thanh [7]). The notion of pairwise and coordinatewise negatively
dependent (PCND) random vectors in Hilbert spaces was introduced by Hien et al. [§].
Let H be a real separable Hilbert space with inner product (-,-). A sequence {X,,,n > 1}
of random vectors taking values in H is said to be PCND if for some orthonormal basis
{ej,7 € B} and for each j € B, the sequence of random variables {(X;,e;),i > 1} is PND.
We would like to note that the PCND structure do not preserve if we change the basis.

This paper aims to establish complete convergence and strong law of large numbers for
weighted sums of PCND random vectors taking values in Hilbert spaces. Let 1 < p < 2,
ap > 1, {X,,n > 1} be a sequence of PCND identically distributed mean 0 random vectors
in H. By techniques developed by Hien et al. [8], we provide the sufficient conditions for

oo

E n®?~?P( max E ani X,
1<k<n || 4

n=1 i=

Throughout this paper, H denotes a real separable Hilbert space with orthonormal basis
{ej,7 € B}, inner product (-,-) and the corresponding norm || - ||. The symbol C' denotes a
generic positive constant whose value may be different for each appearance, and log denotes
the logarithm to base 2. By saying {X,,,n > 1} is a sequence of PCND random vectors, we
mean that the random vectors are PCND with respect to the orthonormal basis {e;, j € B}.

> e(nlog®n)® ) < 0. (1.3)

2 Main results

Firstly, we present the Rademacher-Menshov type inequality for sums of PCND
random vectors in H. This lemma was proved by Hien et al. [8].

Lemma 2.1. Let {X,,n > 1} be a sequence of PCND mean 0 random vectors in H
satisfying E|| X,||? < oo for all n > 1. Then for any n > 1, we have

2 n
<> EIX| (2.1)
=1

and

) < log?(2n) S EJ|X; . (2.2)

max
1<k<n ;
=1

Next, we establish the complete convergence for weighted sums of PCND identically

distributed random vectors in Hilbert spaces. Let X be a random vector in H. Here and
thereafter, we denote the jth coordinate of X by X, ie

XU = (X,ej), j€B.
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Then, we can write

X = ZX%

jEB

Theorem 2.2. Let 1 < p <2, ap > 1, {X,,n > 1} be a sequence of PCND identically
distributed mean 0 random vectors in a finite dimensional H and let {an;,n > 1,1 <i <n}
be an array of constants satisfying

Za?n- <Cn, foralln>1. (2.3)
i=1

If
Bl X1 [P < oo, (2.4)

then for all € > 0, we have

oo

E n®?~?P( max E ani X,
1<k<n || 4

n=1

Proof. We can assume that a,; > 0,n > 1,1 <4 < n since in the general case we can use
the decomposition a,; = a;ti —a, ;. Forn>11>1,j€ B, set

> e(nlog®n)® > < 0. (2.5)

YW = —(nlog?n)°l (X-(j) < —(nlog? n)o‘)
+X <|X]]<(nlog n)® )
+ (nlog?n)*T (Xi(j) > (nlog? n)a) ,
= > vle
JjEB

k
Snk = Z (anzYnz - E(anzym))

i=1

For any € > 0, we have

k
P<1glka§n Zlam >5(nlog n)® )
1=
k .
< IED< max Zam > e(nlog®n)®; ﬂ |XZ-(])| < (nlog? n)o‘>
tshsnil i 1<i<n

+IF’< U \X,L-(j)| > (nlogzn)o‘>

1<i<n

<#( U U 051> iogt )

1<i<n j€B
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k

+ P| max g Ani Yni
1<ks<n ||
1=

<¢( U U (x> miogtny) )

1<i<n jeB

> e(nlog? n)o‘>

k

+ IP’< max
=1

1<k<n

> e(nlog? n)o‘/2>

2 \o
+P(1r£]?§n | Snk|| > e(nlog”n) /2>

By (2.4), we have

inaﬂp< U U (]Xi(j)|>(nlog2n)a)>

1<i<n jeB
<Zn°‘p 2ZZIP’(|XJ)| > (nlog?n)” )
JjEB 1=1
< ZZnap QZ]P’OX])\ >n )
jEBn 1
=Y Znap—lp (1X1 > ne)
jEBn*l
_Zznap IZP( <|X{j)|§(i+1)a)
jeBn=1
S (i < ) < 1)
jEB i=1n=1
gCZiio‘pIP( < 1XY < @+1) )
jEB i=1
JjEB

< CE|| X4 ||P < 0.
For n > 1, by the Cauchy - Schwarz inequality and (2.3),

(S i)’ <n($)

1=

and
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nlog n) Z |IE(aniYni)

= nlOg n Z |am| Z |EYU

jEB
< (nlog®n) Z | Z ‘EX ])]I(]X ])\ < (nlog®n)®)
i=1 jEB
+ (nlog®n) Z || Z nlog? n)“P (|X ])] > (nlog®n)” )
=1 jEB
= (nlog?n) ™" laul 3 [EX1(X| > (nlog? n)?)
i=1 jeB
+Z|am|ZP (1X91 > (nlog?n)*)
JEB
= Cn'log*(n) Y E (|X1ﬂ (XY > (nlog? n)a))
jeB
(4) 2\«
+C’ZnIP’ <|X1 | > (nlog”n) )
jeB
< Cn'~*log™2%(n) ZE <\X{j)]H(|X£j)] > (nlog? n)a))
JjEB
< Cn'~*Plog=2P(n) ZE (|X1(j)\pﬂ(\ij)| > (nlog? n)o‘)>
JjEB
< Cn'Plog () Y E (|X1(J'>\p) 0, as n — . (2.9)
JjEB

From (2.6), (2.7) and (2.9), to obtain (2.5), it remains to show that
Zno‘p 21?’( max. HSnkH > e(nlog?n) /2) < 0. (2.10)

It is well known that for all j € B and for all n > 1, {Y(j EYn(f ),z > 1} is a sequence of

PND random variables. So {an;(Yn; — EYni),7 > 1} is a sequence of PCND random vectors
in H. By applying Markov’s inequality and Lemma 2.1, we have

Znap 2[?’( max. ”SnkH > e(nlog?n)® /2)

n=1

4 B n
<1+ Z —2)2anap 2 10g2(2n) Z ElaniYni — E(aniYoi)||”
v i=1
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n
Vo2
<1+ CZ n2t+2a—ap ]Og 7’L ZEHQanYnZ”
1=1

1 n
— Z|ani|2EHYan2
nai4

plog4a

= L+C Z n2+2a—a

<1+sznma aplog 2n< (|X 121(1x 7)) < (nlog?n)® ))

JEBNn=2
2 . \2a () 2\«
+ (nlog”n)**P (| X;"| > (nlog”n)

= 1+J1—|—J2. (211)

We estimate J; as follows

Jl < CZ Z nlt+2a—ap IOg -2

jEBNn=2

n

n—1
x> E (yxf”ﬁ]l((i log24)® < | X9| < ((i + 1) log2(i + 1))a))
=1

(o @] (o) 1
S (5 )
x E (|X{j)|211((z' log?4)® < |XD] < ((i + 1) log?(i + 1))6“))

1
<C ——
;; i+ 1)20-aplogh=2(; 4 1)

E <|X1(j)|211((i log?4)® < |XP] < ((i + 1) log?(i + 1))6“))
<C Z Z log2(1=2P) (j 4- 1)
jeB i=1
x E <|X1(j)|p]l((ilog2 )™ < |X9) < ((6+ 1) log?(i + 1))6“))
<cY Y E (|X{J’>\p11((i log?i)® < [ XY < ((i + 1) log?(i + 1))&))
jeB i=1
JjEB
< CE||X:|P < 0. (2.12)
For J,, we have

Jy < C’Z ina”_l log? nlP (|X£j)| > (nlog? n)a)

jEBNn=2
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< CZiinapflloan

jJEBNn=21i=n

x P ((z log?i)* < |X ] < ((i+1)log?(i + 1))a>

x P ((ilog?)” < | X < ((i +1)log?(i +1))°)

<Y Y ierlog?iP ((i log2)® < |X9| < ((i + 1) log2(i + 1))@)

jEB i=2
<CY ) (logi)*ter)
JjEB i=2

« B XY 1 ((i log2)® < | X9| < ((i + 1) log2(i + 1))&)

JjEB
< CE||X4|]P < . (2.13)
Combining (2.11), (2.12) and (2.13), we obtain (2.10). The proof is completed. O

The following corollary is the Marcinkiewicz—Zymund type strong law of large number
for sequences of PCND random vectors in Hilbert spaces.

Corollary 2.3. Let 1 <p <2, {X,,n > 1} be a sequence of PCND identically distributed
mean 0 random vectors in a finite dimensional H. If (2.4) holds, then

1

WZX — 0 a.s as n — oo.
nogn

Proof. For any € > 0, by applying Theorem 2.2, we have

oo
o0 > Zn_l}P’ max
—1 1<k<n

> e(nlog? n)l/p>

oo 2it1—1 k
= Z Z nllP( max > £(nlog? n)l/p>
; . 1<k<n || 4
1=0 n=21¢ j=1
0o 211
> 2~i-1p > 4e(242 1/p
>y (1% @)
1=0 n=2¢
1 00 k
=-)P de(21H)VP ). 2.14
27 (e > 4e(27) (219
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By the Borel-Cantelli lemma, (2.14) ensures that

k
1 .

W 1r<r}€a<x21 ;Xj — 0 a.s, as i — 0. (2.15)

For 271 < n < 2¢, we have

k

0< ——— a Xl 2.16
- nlog n) zzl 2%2 (2i42)1/p 1<k<X2l ; ! (2.16)
The conclusion of the corollary follows from (2.15) and (2.16). O

Remark 2.4. (i) We see that Theorem 2.2 is an extension of Theorem 3.3 of Hien et al.
[8], by letting ap = 1 and ay; = 1.

(ii) Theorem 2.2 can be viewed as a Baum-Katz type theorem [2] for PCND random vectors
in Hilbert spaces, by letting ap = 1 and a,; = 1.
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TOM TAT

SU HOI TU DAY U CUA TONG CO TRONG SO
CUA CAC PHAN TU NGAU NHIEN PHU THUOC
AM DOI MOT THEO TOA DO NHAN GIA TRI
TRONG KHONG GIAN HILBERT
Nguyén Thi Thanh Hién

Truong Pai hoc Bach Khoa Ha Noi
Ngay nhan bai 13/5/2021, ngay nhan dang 30/6/2021

Trong bai bido nay, ching toi thiét lap sy hoi tu day da va luat manh s6 16n dang
Marcinkiewicz—Zymund cho cac phan t& ngau nhién phuy thuoc am doi mot theo toa do
{Xn,n > 1} nhan gié tri trong khong gian Hilbert.

To khéa: Phy thuoc am; phy thudoc am doi mot; khong gian Hilbert; hoi tu day d;
luat manh sé 16n.
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